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A Note  on  a T h e o r e m  of  A u m a n n  and Dreze  1 

By B. Moldovanu 2'3 

Abstract: Aumann and Dreze (1974) examine sections of cores of side payments games via cores 
of reduced games. We study sections of cores of games without side payments. 

1 Introduction 

Sections of  cores of  TU (transferable utility) games are studied in Aumann and 
Dreze (1974). We study sections of  cores of  NTU (non-transferable utility) games, 
thus generalizing their result. Both analysis make a strong use of  reduced games, 
but we point out an important difference between the two cases. 

Sections of  cores have been used in exhibiting geometric properties of  the kernel 
and nucleolus of  TU games (Maschler, Peleg, Shapley (1979)), as well as in a 
generalization of  the intersection of  the core and kernel for NTU assignment games 
(Moldovanu 1988). 

For an economic interpretation, consider for example an allocation in the core 
of  an exchange economy. Assume that the allocation to a subgroup of  players is hold 
fixed. The question is then: How can the members of  the complement trade between 
themselves such that the resulting new allocation is still in the core of  the original 
economy? 

The reduced game property (RGP) and the converse reduced game property 
(CRGP) have been used, among other, in the axiomatization of  cores of  TU or NTU 
games (Peleg (1985, 1986). The main idea is one of  stability of  solutions under par- 
tial implementation by subgroups of  players which consider their outside options. 
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2 Preliminaries 

Let Ube  a finite set of  players. A coalition is a non-empty subset of  U. A TU game 
is a pair (N,v) where N i s  a coalition and v is a function which assigns to each subset 
S in N a real number v(S). We assume v(~b) -- 0. 

A payoff  vector for N is a function x : N = IR, thus IR N is the set of  all payoff  
vectors, x S denotes the restriction of  x to members of  S. 

x(S) denotes the sum E x i. 
iES 

Let x, y E IR N. We write: x > y if x i >_ y i for all i E N; x > y if x _ y and x :~ y;  
x > >  y i f x  i > y i f o r a l l i  E N. 

Let (N,v) be a TU game. We denote 

X(N,v) = ~ x ] x E IRN and x (N)  <_ v(N) (2.1) 

The core of  (N,v), C(N,v), is defined by: 

C(N,v) = ~ x [ x E X(N,v) and x(S)  _> v(S) for all S c_ N ~  (2.2) 

Let S c_ N, a coalition, and let x E X(N,v). The reduced game with respect to 
S and x is the game (S,vx) where: 

Vx(T ) = I 
0, if T is  empty (2.3) 

v(N)  - x ( N \  T), if T = S (2.4) 

max ~ v (T  U Q) - x(Q) t Q c_ N \  S ~, otherwise (2.5) 

LetA c_ IR k. A is comprehensive i f x  E A a n d x  >_ y implyy  E A. The boun- 
dary of A is denoted by OA and the interior of  A by A o. IRk+ is the restriction of  IRk 
to vectors with non-negative coordinates. 

An NTU game is a pair (N,V) where N i s  a coalition and V i s a  function which 
assigns to each coalition S c_ N a subset V(S) of  IRS, such that  

V(S) is non-empty and comprehensive 

V(S) M ({x s} + IRS+)is bounded for every x S E IRs 

V(S) is closed 

if x s, yS E OV(S) and x s >_ y S  then x s = yS 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

Let (N,V) be an NTU game and let x E V(N). A coalition can improve upon 
x if there exists yS E V(S) such that yS >> x S. x is in the core, C(N,V), of (N,V) 
if  no coalition can improve upon x. 
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Let S ~ N, a coalition, and let x E V(N). The reduced game with respect to 
S and x is the game (S, Vx), where 

Vx(S ) = ~ yS I (YS, x N \  S) E V(N) ~, (2.1o) 

Vx(T)= U ~yTI  (yT, xQ) E V(TU Q) ~ , i f T C  S. 
Qc_N\S r 

(2.11) 

Let F be a class of  NTU games. A solution on F is a function a which assigns 
to each game (N,V) E 17 a subset a(N,V) of V(N). 

A solution a on I '  has the reduced game property (RGP) if it satisfies the follow- 
ing condition: If  (N,V) E F, S c_ N, S =/: cb and x E a(N,V), then (S, Vx) E F and 
x s E ~(S, Vx). 

A solution a on F has the converse reduced game property (CRGP) if it satisfies 
the following condition: If  (N,V) E F, x E V(N) and it is true that (S, Vx) E F and 
x S E a(S, Vx) for every pair S = { i,j} with i,j E N, i r j, then x E a(N,V). 

Finally, some words on the definitions we used: The definition of  reduced 
games in the form of 2.10-2.11 is due to Peleg. Conditions 2.6-2.9 in the definition 
of  NTU games are needed to ensure that the definition of  a core is possible, that 
reduced games are indeed games and that the core has the RGP. For details the 
reader may consult Peleg (1985). 

3 Sections of  the Core 

Theorem 5 in Aumann, Dreze (1974) can be reformulated as following: 

Theorem 3.1." Let (N,v) be a TU game with C(N,v) --/: r and let S be a coalition in 
N. Let x = (xS, x N \  S) E C(N,v) and let w = ( yS , xN \  S). 

Then w E C(N,v) if and only if y S E C(S,vx). 

Thus, if we keep x N \  S fixed and we let x s vary, we stay in the core if and only 
if x S stays in C(S,vx). This can be interpreted as the "bargaining range" of  the 
members of  S, if the core is accepted as a solution. 

The "only if" part of  the Theorem is the instance of  the reduced game property 
for the core of  TU games. The core of  NTU games has also the RGP and CRGP 
(see Peleg (1985)) so it is natural to ask whether an exact analogue of  Theorem 3.1 
exists for NTU games. The answer is negative! 
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Example 3.2: Let N = {1,2,3}, S = {1,2}. We define an NTU game on N as follows: 

V(S) = ~ (xl,x 2) I 2xl + X2 ----- 4 ~ (3.1) 

V(N) = ~ (xl,x2,x 3) I xl + x2 + X3 < 4.5 ~ (3.2) 

V(T) = 0 T, for T ~ S,N (3.3) 

It  is easy to check that  z = (1.5, 1, 2) belongs to C(N,V). We compute now the 
reduced game (S,Vz): 

Vz(S) = ~ {xl, x2) I xl + X2 <: 2.5 ~ (3.4) 

Vz(i) = 0 i , i  = 1,2 (3.5) 

Then yS = (0, 2.5) E C(S, Vz) but (yS,z3) = (0, 2.5, 2) r C(N,V) ! 
I t  is easy to check that the section of  C(N,V) at x 3 = 2 is that part  of  C(S,Vz) 

where x 1 _> 1.5. 
For cores of  NTU games we have the following: 

Theorem 3.3: Let (N,V) be an NTU game with a non-empty core and let x E C(N,V). 
Let S be a coalition in N and let w = (yS,xN\ S). Then w E C(N,V) if and only 
if yS E C(S, Vx) \ Ax(S) where 

Ax(S) = U ~ yS [ (yS, xQ ) E V~ ~ (3.6) 
QCN\S 

4: 

Proof" The reader will remark that C(S, Vx) \ Ax(S) depends indeed only upon 
xN\  S. I f  w = (yS,xN\ S) E C(N,V) then, by the reduced game property of  the 
core, yS E C(S,Vw). (See Peleg (1985), and remark that  condition 2.9 for the grand 
coalition is essential there for this property). 

The values of  (S, Vw) depend only upon wN\  S = x N \  S and therefore yS E 
C(S,Vx). I fy  S E Ax(S) then (yS,xQ) E V~ Q) for a certain Q c N \  S. Then 
S tO Q can improve upon w, a contradiction to w E C(N,V). 

For the converse part  let yS E C(S,Vx) \ Ax(S ). Then ys  E Vx( S) and, by 

the definition of  reduced games, w = (yS, x N \  S) E V(N). yS E C(S,Vx) implies 
that yT ~ V~ (T) for all T _c S, and this means: 

i) (yT, xQ) r V ~ (T U Q) for all T C S and Q c_ N \  S. 

ii) There is no u S with u S >> yS and (uS,xN\ S) E V(N). (Remark the use of  2.9) 
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Assume on the contrary that w ~ C(N,V). Then, there exist a coalition L __C_ N 
a n d z  L E V(L) withz  L >> w L. I f L  M S :~ Swe get a contradiction toi), s oL  must 
contain S. I f L  = Nthen,  by comprehensiveness (2.6), (zS,xN\ S) E V(N). Because 
z s >> yS we get a contradiction to ii). 

Thus, if w r C(N,V), we showed that we have a coalition of the form L = S U 
P where P :/: N \  S, and z SuP E V(SUP)with z SuP >> w SUP. By comprehen- 
siveness w SUP E V(SUP). It is clear that w sUP = (yS,xP) E V~ and we 
obtain a contradiction to the choice of yS in C(S,Vx) \ Ax(S). I 

One may ask why the argument of  Aumann and Dreze for TU games does not 
work for NTU games. The crucial point is as follows: For a TU game (N,v) and x 
E C(N,v) we have in a reduced game (S,vx) that vx(S ) = x(S). Because x E C(N,v) 
we get x(S) >_ v(S) and thus v(S) _< vx(S ). It we transform this TU game into a 
NTU game, in the usual manner, we get V(S) c_ Vx(S). For a general NTU game 
(N,V) and x E C(N,V) it is no longer true that in (S, Vx) we have always V(S) c 
Vx(S ). (V(R) _ Vx(R ) for R C S l). 

For example, in Example 3.1, the correction which has to be made, namely x 1 
_> 1.5, is exactly for that part of  V(S) which is not included in Vx(S ). 

In some special cases one can still have exact analogues of  Theorem 3.1 for NTU 
games: An NTU game (N,V) is said to be decomposable if there is partition of  N, 
(B I,B 2 ..... Bk), such that 

k 
V(S) = I I  V(SMBi), for all S c N (3.7) 

i=1 

Proposition 3.4: Let (N,V) be a decomposable game with partition (B 1 ..... Bk) and 
non-empty core. Let x E C(N,V) and w = (yBJ,xN\ Bj). Then w @ C(N,V) if and 
only if yBj E C(t~, Vx). 
The proof is left to the reader. 

Of course, one may try to find another plausible definition of  reduced games 
for the NTU case, such that an exact analogue of  Theorem 3.1 will hold. My efforts 
in this direction (together with Terje Lensberg) led invariably to a violation of  the 
reduced game property of  the core. 
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