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How (Not) to Sell Nuclear Weapons

By PHILIPPE JEHIEL, BENNY MOLDOVANU, AND ENNIO STACCHETTI *

We consider situations where a sale affects the ensuing interaction between po-
tential buyers. These situations are modeled by assuming that an agent who does
not acquire the object for sale incurs an identity-dependent externality. We con-
struct a revenue-maximizing auction for the seller. We observe that: 1) outside
options and participation constraints are endogenous. 2 ) The seller extracts sur-
plus also from agents who do not obtain the auctioned object. 3) The seller is
better-off by not selling at all (while obtaining some payments) if externalities
are much larger than valuations. (JEL D44, D62, L14)

After the breakup of the Soviet Union, the
independent Ukraine has inherited a huge nu-
clear arsenal. In particular, 176 intercontinen-
tal missiles were stationed on its soil. It is
estimated that the maintenance of a function-
ing nuclear arsenal would impose a substantial
economic burden on Ukraine. Steven Miller
(1993) calculates a sum in excess of $5,000
million per year. Moreover, there is no doubt
that several countries (in particular some Mid-
dle Eastern ones) are interested to acquire fis-
sionable material, or even complete weapon
systems from Ukraine. Russia and the United
States have no direct interest in Ukraine’s
weapons (which are old-fashioned, and basi-
cally superfluous for the two big nuclear pow-
ers), but the danger of proliferation (exposed
or covert) is considered to be extremely high.
This danger was a subject of major concern
for the presidents of the two superpowers,

*Jehiel: CER.AS.-ENP.C, 28 rue des Saints-
Peres, 75007 Paris, France; Moldovanu: Department of
Economics, University of Mannheim, Seminargebaude AS,
D-68131 Mannheim, Germany; Stacchetti: Department of
Economics, University of Michigan, Ann Arbor, MI
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to thank Tobias Debiel and Joerg Oechssler for pro-
viding several bibliographical references. This work
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Science Foundation-USA, and from the Deutsche For-
schungsgemeinschaft (SFB 303 at the University of
Bonn).
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and they repeatedly emphasized it at their
meetings.

It is interesting to recall what recently hap-
pened: Ukraine has agreed to sign the Nuclear
Nonproliferation Treaty as a nonnuclear state.
It dismantled all its tactical nuclear weapons
and begun to dismantle the strategic ones as
well. As an ‘‘encouragement’’ Ukraine re-
ceived high payments from both United States
and Russia. The first U.S. payment, pledged
under the Nunn-Lugar legislation, was $175
million. Ukraine has become, almost over-
night, the fourth largest recipient of American
aid. In 1994 it got $350 million in economic
aid and $350 million towards dismantling nu-
clear weapons, besides an extra present of
$200 million bestowed by President Clinton
(see The Economist, November 26, 1994 for
more American promises). It is assumed that
Russia canceled Ukrainian debts worth around
$900 million. The Ukraine demands a total of
$3,000 million to complete the job (see U.S.
Policy, Information and Text, 1993).

In another recent case, China signed an
agreement not to sell its M-9 and M-11 mis-
siles to Arab countries (see The Economist,
November 5, 1994). The Economist calls the
agreement ‘‘binding.”’ In reply, the United
States agreed to lift its one-year-old embargo
on satellite exports to China.

Trying to model the main features of the
above examples, we construct a model where
a sale creates negative externalities on non-
acquirers. The magnitude of those external ef-
fects depends both on the identities of the
acquirer and the sufferer. Therefore, potential
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buyers have preferences over which other
agent may get the good. In this framework, our
goal is to find an optimal selling procedure
from the point of view of the seller. Quite sur-
prisingly, we show that an optimal procedure
will have some of the qualitative features dis-
played by Ukraine’s strategy.

Generally speaking, our model encom-
passes instances in which the result of the sale
affects the nature of the ensuing interaction be-
tween potential buyers. We mainly consider
the case of negative externalities (which is
typical in competitive situations), and briefly
describe the changes induced by the presence
of positive external effects. The externalities
can represent some physical effect (for ex-
ample, pollution), or, more generally, can
stand for expected profits in future interaction.

There are many situations where our basic
model applies: changes of ownership (for
example, mergers, acquisitions, privatiza-
tions) in oligopolistic markets; the sale of an
important input (for example, a patent) to
downstream competitors; the award of major
projects that change the nature of the industry
(for example, projects that lead to the crea-
tion of a new industry standard); the decision
over the location of environmentally hazard-
ous enterprises; the decision over the location
of important international institutions (for ex-
ample, the location of the European Central
Bank); the provision of a public good by a
single agent.

The main contribution of this paper is that
it applies the mechanism design methodology
to a generalization of a problem studied by the
multilateral vertical-contracting literature. A
good motivation is provided by the following
excerpt from Michael L. Katz’s (1989 p. 656)
survey of vertical relationships:

... the buyers of an intermediate good
typically are involved in a game in the
downstream product market, and the
sales contract for the upstream product
may affect the equilibrium of the down-
stream game. ... A simple uniform
posted price often is held up as the typ-
ical contract form in final good markets.
Given the sophistication of buyers and
the large scale of individual transac-
tions, more complex schemes may be
practicable in intermediate good markets.
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Sellers may utilize sophisticated price
mechanisms ...

A vast literature on mechanisms that maxi-
mize seller’s profits exists,’ but these papers
do not consider situations where buyers have
preferences over which other buyer gets the
good (that is, agents’ utilities depend only on
whether they obtain the object or not, and on
payments made to the seller as required by the
rules of the ‘‘game’”).? Hence, situations where
buyers’ behavior must take into account the ef-
fects of the sale on the equilibrium of a subse--
quent game are not analyzed in the standard
framework. As mentioned above, such situa-
tions are common in vertical contracting be-
tween a monopolist selling inputs to several
downstream competing firms. A major theme
in the vertical-relationships literature (surveyed
in Katz, 1989) has been the study of a relatively
narrow set of contractual arrangements (the so-
called “‘vertical restraints’’). Practices such as
two-part tariffs, royalties, exclusive dealings,
resale-price maintenance, are often observed,
and their study has great empirical relevance.
This pattern may suggest that more sophisti-
cated procedures are unnecessary, or infeasible
(say because high implementation costs ). Nev-
ertheless, as Katz points out, the somewhat ne-
glected analysis of the relationship between a
principal and several game-playing agents may
yield new insights. There are several studies
trying to bridge this gap in the context of patent
licensing.? The papers by Katz and Carl Shapiro
(1986), and by Morton I. Kamien and Yair
Tauman (1986) compare ‘‘classical’’ licensing
mechanisms (that is, by means of first-price
auctions, fixed fees, royalties) in a framework
where all potential buyers are identical. License

' William Vickrey (1961), Roger B. Myerson (1981),
and Paul R. Milgrom and Robert J. Weber (1982) study
the problem in the context of auctions; Robert E. Wilson
(1993) offers an extensive treatment of nonlinear pricing
and its various applications; D. Fudenberg and J. Tirole
(1991) survey in Chapter 7 the literature on mechanism
design.

2 Jeremy Greenwood and R. Preston McAfee (1991) do
consider a model with externalities in consumption, but
look at welfare-maximizing allocation schemes.

* This literature is discussed in the survey of Jennifer
R. Reinganum (1989) which is devoted to the sale of a
particular type of input (knowledge).
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auctions are shown to be superior from the
point of view of the patent holder. Kamien et
al. (1992) describe a mechanism in which the
patent holder can extract surplus from nonac-
quirers. This mechanism is shown to be optimal
if the buyers are engaged in Cournot competi-
tion and the cost reduction is modest. All papers
mentioned above, and most of the literature, as-
sume that externalities depend on the number
of licenses and not on their identity (buyers are
assumed to be symmetric).* Our emphasis on
heterogeneous buyers and identity-dependent
externalities allows us, among other things, to
identify a delicate interplay between revenue
maximization and the endogenous participation
constraints (this feature remains unexploited in
the above mentioned literature ). Moreover, our
treatment enables the study of the incentive ef-
fects connected to the revelation of privately
held information about externalities. On the
other hand, our present analysis is limited by
the assumption that there is only one unit which
may be sold (or licensed) to a single agent.
Another recurrent theme in the vertical-
contracting literature is the study of opportu-
nistic behavior: each downstream firm fears
that the supplier might renegotiate another’s
contract to increase bilateral profit at the firm’s
expense.’ McAfee and Schwartz (1994) argue
that ‘“... committing efficiently to customers
about one’s dealing with third parties can be
especially difficult.”” The fear of future op-
portunistic behavior may impede the monop-
olist’s attempt to maximize revenue. This
difficulty is implicit in our model since we as-
sume that the magnitude of the externalities is
fixed, and cannot be contracted upon. For ex-
ample, consider the case of a patent holder
selling a cost-reducing innovation to one of
several oligopolists. A negative externality is
due to the fact that a firm that does not obtain
the patent will produce with higher relative

* Some exceptions are as follows: Katherine E. Rockett
(1990) studies an interaction between a patent holder and
two asymmetric potential licensees; Susan Scotchmer
(1994) differentiates between early and late innovators,
and points out the external effects created by patenting
second-generation produgts.

® For example, see Patrick J. DeGraba and Andrew
Postlewaite (1992), and McAfee and Marius Schwartz
(1994). Further references can be found in the later paper.
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costs, and its profit will decrease. The assump-
tion of fixed externalities implies that there is
no efficient contractual commitment concern-
ing a buyer’s output and pricing policy once
he holds the patent. Such contracting (which
affects third parties) is prone to renegotiation.
Apart from this constraint on commitment
possibilities, we assume here, as in most of the
mechanism-design literature, that the seller
can fully commit to the announced form of the
selling procedure.

Finally, an intriguing area where some of
the basic features of our model apply is the so-
called ‘‘Economics of Superstars,”” as dis-
cussed by Sherwin Rosen (1981), and by R.
Frank and P. Cook (1995). These works draw
attention to the fact that modern communica-
tion technology ensures that the costs of dis-
tributing talent do not increase nearly in
proportion to market size. By serving very
large market shares at low cost, the first place
firms, teams, or individuals obtain huge por-
tions of the rents, while all other competitors
earn relatively small profits. In these contexts,
the price to be paid for acquiring the services
of a superstar will also reflect the large nega-
tive externality (that is, decrease in profits)
caused if the superstar is employed by a
competitor.

The paper is organized as follows. Section
I presents the market model: the seller owns
an indivisible good, and there are several po-
tential buyers. A buyer is characterized by her
valuation for the object, and by the incurred
externalities (positive or negative) in case that
another buyer acquires the object. The external
effects are assumed to be directed and identity
dependent.

In Section II we describe the seller’s
revenue-maximization problem. The main
feature to be considered is that a buyer’s
willingness to pay is endogenous, and can be
determined only given an equilibrium of a
chosen sale procedure.

Trying to capture the obvious features of all
the illustrations offered above, we must as-
sume that potential buyers cannot avoid the
external effects by simply refusing to partici-
pate in the market. Since externalities are
identity dependent and, possibly, asymmetric,
participation constraints play a major role in
determining an optimal selling procedure. This
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is to be contrasted with the usual mechanism-
design set-up where ‘‘outside options’’ are
considered to be exogenous.

In Section III we present an optimal mech-
anism for the complete-information case. The
treatment of this simpler case serves two pur-
poses: first, it allows us to separate the effects
due to the presence of externalities from the
incentive constraints which are inherent to
incomplete-information setups. Second, we
identify some of the features of optimal selling
procedures that remain valid in more complex
setups.

We describe an auction form that has an
equilibrium in strictly dominant strategies
(this is the unique Nash equilibrium). The
seller’s revenue in that equilibrium is maximal
among all revenues possible in equilibria of
feasible mechanisms.

The properties of the optimal auction in the
complete-information case can be summarized
as follows: 1) agents’ outside options are en-
dogenously determined by the selling mecha-
nism itself and by the played strategies.
Accordingly, participation constraints and the
“‘threats’” in case of nonparticipation play an
important role in the revenue-maximization
problem of the seller. The seller’s action must
be specifically tailored to different groups of
participating buyers. 2) By using suitable
threats, an optimizing seller can extract surplus
also from agents who do not obtain the object.
3) The seller is better-off by not selling at all
(while obtaining some payments) if external-
ities are large compared to valuations. 4) The
equilibrium outcome is efficient.® Moreover,
we show that the revenue-maximizing equilib-
rium is coalition proof if buyers cannot ar-
range side payments among themselves (say,
because of high penalties attached to possible
detection by antitrust authorities).

In Section IV we analyze whether the above
mentioned properties continue to hold in a
model where buyers privately know valuations
(that is, the value of the object to themselves)
and the externality they impose on others. In
this section we assume that this externality

¢ Since we assume that there are no income effects,
efficiency is here equivalent to the maximization of the
total value for the involved parties.
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does not depend on the sufferer’s identity, and
agents’ types are two-dimensional vectors.

The informational constraints turn out to be
very strong, and ex-post efficiency is not al-
ways achieved by the revenue-maximizing
mechanism. In particular, it may happen that
the seller does not sell in cases where a sale is
efficient, but also the opposite effect may
occur—a sale occurs although efficiency re-
quires that the good stays with the seller. The
latter effect contrasts with the result of stan-
dard auction theory. All other insights (see 1—
3 above) continue to hold.

In Jehiel et al. (1995) we study the problem
of optimal mechanism design for auctions with
externalities in a complementary information
setup: there we assume that buyers’ private
information concems valuations and external-
ities imposed by others. Many real-life situa-
tions probably combine elements of both
models.

In Section V we gather some concluding re-
marks. Proofs are given in the Appendix.

I. A Market with Externalities

The market we consider consists of one
seller and n different buyers. The seller owns
an indivisible good. The buyers will be de-
noted by i, j, and so on. If no trade takes place,
then, for the theoretical discussion, the utilities
of all agents are normalized to be zero (in ap-
plications the no-trade situation is a given
status quo). If buyer i/ buys the indivisible
good at a price p, then his utility is given by
the term m; — p, where w; represents i’s val-
uation, that is, the profit made by i when
owning the good. The seller’s utility is then
given by p. We introduce a matrix, A =
{a;}1 =i =ni=j> Of external effects. The inter-
pretation is as follows: if buyer i buys the ob-
ject, then the utility of j is given by —ay,
where a; = 0 (respectively a; = 0) if ex-
ternalities are negative (respectively posi-
tive). Hence, external effects are directed
and identity dependent. Denoting the seller
as agent 0, we have Vj, ag; = 0 (see nor-
malization above). We can easily allow for
the case where the seller himself suffers
from potential externalities, that is the pay-
off to the seller if he sells at price p to buyer
iis given by p — a;,. Since the main strategic
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effects occur because of the externalities
among buyers, we do not explicitly consider
this case here.

For an illustration, take n firms competing
in an oligopoly. The cost functions may differ
from firm to firm. Consider a technical inno-
vation, licensed to only one firm, whose effect
is a reduction in marginal costs. The magni-
tude of that effect will, in general, differ from
firm to firm. The firm that acquires the inno-
vation will increase its market share and its
profit. The market share and profit of the other
firms will decrease. Formally, denote by P; the
profit of firm i before the innovation appears
(this is the ‘‘status-quo’’ profit). Denote by
P; the profit of firm j if firm i acquires the
innovation. This situation exactly fits in our
framework by setting:

(1) 7ri=P::_Pia

for all i,1=si=n and

for all i+j,1=i,j=n.

II. Auction Design and Participation Constraints

We first describe the class of procedures
among which the seller chooses an optimal
mechanism. The idea is basic to the theory
of auction design. In step 1, the seller
designs a mechanism. A mechanism is a
game-form in which agents send costless
messages, and, based on the realized mes-
sages, the seller implements an allocation—
here this consists of an allocation of the

indivisible good (which may be random) and’

a vector of monetary transfers. An important
assumption is that the seller can commit to
the proposed mechanism. In step 2, the buy-
ers simultaneously accept or reject the mech-
anism, that is, decide whether to participate
or not in the proposed game. The idea is that
the seller does not have the power to coerce
buyers to participate in the auction. In step
3, the buyers who decided to participate play
the game specified by the mechanism.

In the sequel we incorporate the acceptance
stage (step 2 above) in the description of
mechanisms, that is, we consider only mech-
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anisms that contain a prior acceptance stage

as above. A mechanism is said to be feasible

if:

(A) At each terminal node it specifies a fea-
sible allocation for the economy.

(B) If buyer i decides not to participate, the
seller cannot extract a positive payment
from that buyer, and cannot ‘‘dump’’ the
object on that buyer.

In a complete information setting step 3 is rel-
atively simple: as the seller does not have to dis-
cover privately held information, she can
implement any allocation subject to conditions
(A) and (B) above. Of course, the seller’s de-
cision at step 3 affects buyers’ decision whether
to participate or not at step 2. Step 3 is much
more complex in an incomplete-information set-
ting, since the mechanism must then take into
account the incentive constraints.

In most auction-design frameworks it is
usually assumed that buyers who decide not
to participate obtain some exogenously spec-
ified outside-option utility. In contrast, step
2 plays here a major role for the following
reason: because of the externalities, a non-
participating buyer will be affected by the
outcome induced by the participating buyers
in step 3. (We make the realistic assumption
that buyers cannot ‘‘escape to the moon.’”)
Outside options are endogenously determined
by the mechanism itself, and by others’ strat-
egies. Therefore, they play an important role
in the revenue-maximizing considerations.

A mechanism is called optimal if the
game it defines among buyers has a Nash
equilibrium (or a Bayes-Nash equilibrium
in the incomplete-information case), where
the seller achieves the highest payoff
among all payoffs possible in equilibria of
feasible mechanisms. A problem with the
above definition is that an optimal mecha-
nism may possess other equilibria where the
seller’s revenue is not necessarily maxi-
mized. Uniqueness of equilibrium can be
obtained, in general, only under very re-
strictive conditions. In the complete infor-
mation case, the mechanism we present is
optimal in a much stronger sense: the seller
achieves maximum revenue in an equilib-
rium where all buyers use strictly dominant
strategies (this is, a fortiori, the unique
Nash equilibrium).
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III. An Optimal Selling Procedure
(Complete Information)

We explicitly consider here the case of neg-
ative externalities. We describe a mechanism
that will be denoted by I". For each buyer i we
first define: @' = max; ., ; a;;. Let v(i) denote a
selection out of the set { h|a;; = max;.; a;;}.
Generically v(i) is unique, and a’ = a,);. To
avoid problems related to the presence of in-
differences and a tedious case differentiation,
we assume here that there exists a smallest
money unit € > 0, and that Vi, j, 7, — e = 0,
a; —e=0.

Definition of Mechanism I'.—The buyers
simultaneously decide whether to participate
or not. Let B* denote the set of buyers who
decided to participate. For each subset B* of
‘B we now define the winner of the object and
the payments made to the seller:

1) When B* = J, the seller keeps the object
and no payments are made.
2) When B* has cardinality no bigger than

n — 2, the winner is the smallest element

in B* (this is just an arbitrary rule). Let i

be the winner, let k € B*, and let j be the

smallest element in B*\ { k}. (To be con-
sistent in notation, if B*\ {k} = ¢ we
simply define j = 0.) If k = i, then k is

required to pay m, + a;;, — &. Otherwise, k

is required to pay a;, — a; — &. Note that

this last payment may be negative, in

which case the seller subsidizes buyer k.

3) If B* = B\ {h}, the winner is v(h). Let

k € B*, and let j be the smallest element

in B*\ {k}. If k = v(h) then k is required

to pay 7, + a; — €. Otherwise, k is re-
quired to pay a;; — a,uy — € (this last
payment may be a subsidy).

4) If B* = B, there are two cases:

4.1) If max; (m; — 2., a;) < 0, the seller
keeps the good and each buyer i is
required to pay a’ — €. The revenue
to the seller is

3) R, =Z(a"—8)-

4.2) If max; (m; — Z;.; ay) = 0, the seller
sells to a buyer k& such that k€
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argmax; (m; — Z;.; a;) for a price
p=m + a* — &. (Generically k is
unique.) All other buyers j # k are
required to pay a’ — a;; — & (which
is nonnegative by the definition of
a’). The revenue to the seller is given
by

4) R2=Z(a"—e)+7rk—2ak,~.

k+i

PROPOSITION 1: A) For each buyer, par-
ticipation is a strictly dominant strategy in
mechanism I'. The strategy profile where all
buyers participate is the unique Nash equilib-
rium of T. The seller’s revenue in this equi-
librium is given by

(5) §=Z(a‘—e)

+ max{ 0, max (7r,~

-3 a>} .

B) Let G be a feasible mechanism, and let o
be a Nash equilibrium of G.

Let R = R(0) denote the seller’s revenue
when o is played. It holds that R < R + ne.

PROOF:
See the Appendix.

When the smallest money unit & tends to-
wards zero, Proposition 1 shows that the sell-
er’s revenue attains its maximal value in the
full-participation equilibrium of the mecha-
nism I'.” Moreover, note that the equilibrium
outcome of I is always efficient.

If, for each buyer i, the total externality im-
posed by that buyer is larger than her valuation
(thatis, Vi, 2, .; a; > 7;), the seller is better-
off by not selling at all while extracting from
each buyer a payment equal to his worst fear

7 If we restrict attention to equilibria of a feasible mech-
anism G where ties are broken in favor of nonparticipation
(that is, buyers participate only if they are strictly better-
off than nonparticipating) then it is readily verified that
the statement in Proposition 1.B holds without the addition
of the term ne.
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(see case 4.1 in the definition of I"). It is this
case which seems to have the flavor of our
opening story about Ukraine’s nuclear arsenal.

Note that the mechanism I' has the feature
that, in some cases, the seller needs to subsi-
dize some buyers, but this never happens on
the equilibrium path.

In order to simplify arguments, we have fo-
cused on the case of negative externalities
(this is also motivated by the leading examples
of selling to downstream competing buyers).
Our analysis immediately extends to the gen-
eral case where externalities may be both
positive or negative. When externalities are
positive, the object has the features of a public
good supplied by a single agent. The incen-
tives not to participate are then well known as
the free-rider effect. In the general case, a
revenue-optimizing seller threatens a nonpar-
ticipating buyer (see case 3 in the definition of
I') with the allocation of the good that leaves
this buyer with the lowest possible level of
utility (this may be strictly positive). Pay-
ments to the seller are adjusted accordingly to
make all buyers willing to participate.

The dominant-strategy, revenue-maximizing
equilibrium of T is collusion proof if side pay-
ments between members of a deviating coalition
are not feasible. Although joint deviations that
strictly improve the payoff for all members of
the deviating coalition exist, none of these de-
viations is immune against further deviations of
subcoalitions.® Hence, all rings are unstable
when the seller uses mechanism I'. For the der-
ivation of this result we implicitly assume that
buyers’ strategy spaces are exactly those implied
by mechanism T, that is we assume that no trans-
fer payments are possible between buyers. In the

8 As an example, consider the coalition of all buyers
whose members could jointly decide not to participate.
This deviation strictly improves the payoff of all buyers.
Since the good is not sold, and no payments to the seller
are made, buyer i receives a payoff of zero. This is better
than —a’ +¢, which is the payoff in the unique equilibrium
of . Given this deviation, any buyer i will find it advan-
tageous to further deviate and participate! In this case the
deviator obtains the object at a price of m; — &, which
leaves him with a strictly positive payoff. Since partici-
pation is a strictly dominant strategy, a similar reasoning
for all coalitional deviations shows that the unique equi-
librium of I" is coalition proof (see Douglas B. Bernheim
et al., 1987).
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terminology of McAfee and John McMillan
(1992) we look at weak rings.’ In the context
of Ukraine’s nuclear disarmement, some kind of
collusive agreement between United States and
Russia is likely. However, it is harder to imagine
a credible agreement in which the United States
makes payments to potential buyers of fission-
able material (say in the Middle East) if they
agree not to buy.

IV. A Model with Incomplete Information

The seller’s main considerations have, so
far, been driven by the fact that the presence
of externalities endogenized the buyers’ out-
side options and, therefore directly influenced
buyers’ participation decisions. The major
theme in the standard mechanism design lit-
erature is, however, the interplay between the
actions deemed necessary in order to maxi-
mize revenue (or achieve efficiency) and the
constraints imposed by the fact that, in prac-
tice, the seller has to elicit privately held in-
formation about willingnesses to pay. We turn
therefore to a more realistic setup where buy-
ers possess private information.

We assume here that buyer i only knows her
own valuation 7; and the externality a; she
imposes on buyer j, j # i. These two compo-
nents may, in general, be correlated. In the nu-
clear weapons example the private valuation
depends on the additional deterrence earned
and on the cost of maintenance, while the ex-
ternality imposed depends on the probability
that the weapons will be used, on the proba-
bility of proliferation, and so on. In the case
of a patent holder who sells to competing buy-
ers, consider the following situation that fits in
our framework: a status quo is given where all
buyers produce with known marginal costs.

? If transfers payments between buyers are possible, we
can show the following: for any allocation that can be
implemented by the seller (using any feasible mechanism)
there exists a collusive agreement with transfer payments
that makes the members of the ring better-off, unless a
buyer exists whose valuation =; is very large compared to
all other variables. Conversely, for any (anticipated) col-
lusive agreement there exists a mechanism that gives in-
centives to some ring members to deviate from the
collusive agreement.
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The acquirer of the patent may produce with
lower marginal costs if he makes a certain ini-
tial investment (say, for buying machines
needed for the new process). Both initial in-
vestment and future reduced marginal cost are
private information at the bidding stage, but
become common knowledge if a sale occurs.
The fixed-investment influences only valua-
tions, while the magnitude of the reduction in
marginal-cost influences both valuations and
imposed externalities.

To represent buyer i’s private information
(that is, his rype) we use a two-dimensional
vector t; = (t!, t?) = (=, a;), where m; is
buyer i’s payoff when she gets the object, and
«; is the externality caused by i to all other
buyers (hence, we assume here that Vj # i,
a; = a;). We again focus on the case of neg-
ative externalities, that is, on the situation in
which any potential buyer receives a positive
payoff when he obtains the object, and a neg-
ative payoff when anybody else gets it (vis-a-
vis the case where the seller keeps the object).
The seller has an analogous type represented
by the vector t,, which is publicly known. We
assume here for simplicity that t, = (0, 0).
For each i, buyer i’s type is drawn from T; =
[m, 7] X [a;, @;] € R according with the
density f;, and is independent of all other play-
ers’ types. Buyers’ true types are private
information.

We use the following notation: T := T, X
T, X --- X T,, with a generic element denoted
by t= (tla s tn); ¢ :=.fl X.f2 X o Xﬁ,; T—i
denotes the product T'; X - X T;_; X T;,; X
-+ X T,, and analogously for ¢_;, t_;, and
SO on.

Buyer #’s utility is additively separable: if
he gets the object and pays x; to the seller, then
his utility is given by ¢/ — x;; if he pays x; to
the seller and buyer j, j # i, gets the object,
then i’s utility is given by —; — x;. If each
buyer i makes a payment x; to the seller, then
the seller’s utility is 7| x;.

By the Revelation Principle (see Myerson,
1981), there is no loss of generality in re-
stricting attention to direct revelation mech-
anisms where each buyer reports a type.
Moreover, it is enough to consider mecha-
nisms that are incentive compatible and that
satisfy the participation constraints, that is,
mechanisms for which it is a Bayesian equi-
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librium for each buyer to participate and re-
port his type truthfully.

Let 2 := {g € R% |2 ¢; = 1} be the set of
probability vectors. The seller specifies the
rules of the auction in terms of a revelation
mechanism (x, p, p), where x;: T R, 1 =
i=n;p:T-Z;p=(p', p?, ..., p") with p':
T_; — 2. The interpretation is as follows: the
seller asks each of the buyers simultaneously
to report a type. If all buyers submit a type and
the reported profile is (t,, ... , t,) € T, buyer
i must pay the seller x; (t,, ... , t,), and he gets
the object with probability p;(t,, ... , t,). If
buyer i refuses to participate while all other
buyers submit the profile of types t_;, the object
is given to buyer j with probability pj(t_;),
1 = j = n, and no buyer makes a payment to
the seller.' If two or more buyers refuse to
submit a report, then, say, the seller keeps the
object with probability 1 and nobody makes
any payments.''

Suppose player i believes everybody else
participates and reports truthfully. Then, to as-
sess the expected value of any of his reports,
he only needs to know the conditional ex-
pected value, given his own type, of his pay-
ment and the probability assignment vector.
Define the functions y;: T; > R and ¢;: T; —
R as follows:

(6) yi(t)= J-T .xi(th s t)d(t)dt,

(7 qt)= fr .pi(tl et (tl) dt;.

We will refer to these functions as buyer i’s
conditional expected payment and conditional
expected probability assignment in the mecha-
nism (x, p, p). If buyer i believes his opponents

' If the domain of the function p were extended to
include profiles where some agents report ‘‘nonparti-
cipation’’ then the vectors p' could be included in the
definition of p. We have chosen the domain T to sim-
plify notation.

"'Since we study here Bayes-Nash equilibria in
which all buyers choose to participate, joint deviations are
irrelevant.
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will report truthfully, and reports type s; when
his true type is t;, his expected utility is

(8) U(si, t;) = g (s;)t]

-y, fr APj(Si, t_)e

X ¢_i(t) dt_; — yi(s:).

The auction mechanism (x, p, p) is said to
be incentive compatible for buyer i if

9) U, t)=U(s, t)

for all s;,t; €T;.
We now look at the participation con-
straints. Buyers’ outside options are not ex-
ogenous: they depend on the seller’s action in
case that one buyer does not participate, that
is on p. Since the seller’s goal is revenue max-
imization, and since the revenue collected is
constrained by the outside options, it is clear
that the optimal threat is to leave a nonparti-
cipating buyer with the lowest possible level
of utility. Hence, in case that buyer i does not
participate, the seller should threaten to sell the
good to the agent that creates the highest pos-
sible externality for i (see also the construction
of mechanism I' in the complete information
case). For each profile t_;, let v(i, t_;) €
argmax; . ; {7 }. We obtain that, optimally,

(10) pzi)(i,t—i)(t-i) =1, and

pi(t_) =0, for Jj#v(i, t).
The expected utility of buyer i if i does
not participate, while all other buyers par-
ticipate and report their true types, is given
then by

(11) o4 =—] max {7} b_i(t) dt_,.

T-; Jj*i

We say that a mechanism satisfies the par-
ticipation constraints for buyer i if

(12) Ui(t,t) =4 forall teT,.
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The participation constraints together with
the incentive constraints ensure that the
profile of strategies where each buyer partic-
ipates and truthfully reveals the type con-
stitutes a Bayes-Nash equilibrium in the rev-
elation game.'?

Since we have already determined the op-
timal form of the threats p, in the sequel we
denote mechanisms simply by (x, p). The auc-
tion mechanism is feasible if it is incentive
compatible and if it satisfies the participation
constraints for every buyer. Clearly, if (x, p)
is feasible, so is (x, p), where x; (t) := y;(t;)
for all t € T. Moreover, with x the buyers ex-
pect to make the same payment to the seller as
with x. Thus, there is no loss of generality in
restricting attention to mechanisms for which
the payment of each player depends only on
his own report. Consequently, we specify be-
low auction mechanisms in terms of (y, p).

The seller wants to maximize total expected
revenue. Therefore her problem is

n

max Y,
o) =1 YT

(13) yi (6)fi(t:) dt;

subject to incentive compatibility and partici-
pation constraints.

PROPOSITION 2: Consider the mechanism
(y,p),andletq;, 1 =i = n, be the correspond-
ing conditional probability assignment func-

'2 Asher Wolinsky has pointed to us that this equilib-
rium may employ weakly dominated strategies: in the case
that one buyer does not participate (this is off the equilib-
rium path), the remaining buyers have an incentive to ex-
aggerate the reported externality, since the buyer reporting
the largest externality receives the good for free. While a
more elaborate description of our mechanism is not nec-
essary to ensure that participation and truthful revelation
indeed constitute a Bayesian-Nash equilibrium, we can
easily remedy the problem of weak dominance by requir-
ing that the winner j must pay m; + max.;; a; in cases
where buyer i does not participate. This procedure, which
mimics a second-price auction in the announced external-
ities, ensures that truthful revelation of externalities is also
optimal off the equilibrium path.
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tions. The mechanism is incentive compatible if
and only if the following conditions hold:

A) Vi, Vt} € [a;, @;], the function t] —
q,(t' t2) is nondecreasing on [m;, 7;].

B) Vi, Vt! € [m;, 7], the function t; —
q:(t!, t}) is constant on [a;, @;].

C) Vi,Vt, = (¢ ,tz) yi(t:) = -U; ((Wna )s
(x> @) + 10 g () — [ gi(v, t7) dv —

2}*1 fT__i P,(t. ’ t—l)t]2¢-'l(t—l) dt—x-

PROOF:
See the Appendix.

By the form of the transfers in Proposition
2.C, and by equation (8) we obtain that for all
i,and forallt, € T;,

(14) U;(ti, ) =U((x7;, a:), (Ei,gi))

N J' g: (v, 12) dv.

i

Since the functions g; are nonnegative, we ob-
tain that the participation constraint (see equa-
tion (12)) is satisfied for all types of buyer i
if it is satisfied for the type (;, a; ). Moreover,
the participation constraint of type (7;, a;)
must bind at the optimum. Otherwise, the
seller could increase by a fixed amount the
payments required from all types (and hence
increase revenue ) without affecting the incen-
tive constraints. Hence we have Vi, U, ((=;,
a;), (m;, a;)) = 4;. We now define

(15) nm(l, 1) —rf(r,tz)drlf(t' ).

Note that

(16) fi(fiq,-(u,t%)dv)ﬁ(t:,t%)dt:

= f q: (v, t2)hi (v, 12) fi (v, £}) dv.

Incorporating in program (13) the expres-
sions for buyers’ payments (see Proposition
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2.C), and using the above observations, the
seller’s problem becomes:

(17)  max i (=)

i=1

[ (St -m-ns

= hi (1}, t?)]pf(t))tﬁ(t) dt

such that:

1) Vi, V¢ € [a;, @;], the function ¢t/ —
q:(t!, t?) is nondecreasing on [7;, 7;].

2) Vi, Vt! € [m, 7], the function 7 —
q:(t!, t?) is constant on [a;, @;].

3) Vi, Vt € T, pi(t) = 0; Vt € T,
i pit) =1

An inspection of program (17) reveals that
for each i, at the optimum, the function p; (t)
must have a property similar to that of the
function g; (t,-) (see Proposition 2.B): if s;, t;
are such that s! = ¢!, then Vt_,;, p;(s;, t_;) =
pi(t;, t_,). Hence the probablhtles p, are only
functions of the valuations ¢!, ), ... , tl.
Recalling that t; = (¢}, ?) = (7, a;), we
denote by p; (x,, m,, ... , T,) the probability
that buyer i gets the object if the reports are
(7!'1, al), (71'2, az), ey (7!',,, a,,). We can now
transform the seller’s maximization problem
into a standard one-dimensional program
since we can first integrate over externalities
in program (17).

We now discuss several applications. To
simplify calculations, we assume below that
the situation is symmetric in the sense that Vi,
T, = [n, 7] X [a, @], and f; = f. We denote
by II the set [, 7]".

Application I.—We assume here that val-
uations and externalities are independent, that
is, f(¢!, t?) = F1(¢1)f2(t?). Assume with-
out loss of generality that [T f'(r) dr =
f ¥ T) d7 = 1. This is just a normalization.
Let F'(t!) and F?(t?) denote the distribu-
tions of the densities f' and f 2, respectively.
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The expected utility of a nonparticipating
buyer is given by 4 = —(n — 1) [5 X
T-(FX(1))""2f?(7) d7."” Denote the expected
value of the imposed externality by E = [; X
7f2(7) d7. By first integrating in (17) with
respect to the second coordinate of buyers’
types, we obtain that the seller’s problem re-
duces to

(18) max — (nd)
14

< 1 - F'(m)
* fn (Z |:7T.' B fl(ﬂ'.')

i=1

- (n - I)E:Ip,(ﬂ'l, ey 7T,,))

X f(n;) ... f'(=x,) dn, ... dm,

such that:

1) Vi, Va € [a, a], the function m = g;(,
a) is nondecreasing on [7, T].

2) Vi, V(ﬂ.la (L] 7T,,) € H, pi(ﬂ-la L] 7T,,) =
0; V(my, ..., m,) € IL 27, pi(my, oo, m,)
=1

The regular case occurs when the function
n — (1 — F'(m))/f'(r) is increasing (see
Myerson, 1981). Then it is possible to solve
the program (18) by pointwise maximiza-
tion, while disregarding the monotonicity con-
straints. The resulting functions g; will nec-
essarily satisfy those constraints. The solution
requires selling to i* = Argmax; «; provided
that 7« — (1 — F'(m )/ f (mis) — (n —
1)E= 0, and keeping the good otherwise
(while obtaining payments from all buyers).

Application II.—We now assume a perfect
correlation between the valuation and the ex-
ternality imposed on others, that is, a; is a
function, g(x;), of ;. Assume that valuations
are distributed on [, 7] with density f', and
denote by F' the distribution of f'. In the

'3 This is the expectation of the first-order statistic for
the random variables governing the externalities imposed
by all other buyers.
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special case where the function g is monotoni-
cally increasing, the expected utility of a non-
participating buyer is given by 4 = —(n — 1) X
Iz g(r)(F'(7))""%f'(7) dr. The seller’s
program reduces to a one-dimensional stan-
dard problem:
(19) max — (nd)
P
‘ 1—F'(n;)
RO IRELLS
n (,’gl [ f ! (ﬂ.l)

- (n - l)g(ﬂ-i)]pi(ﬂ-l, eee g 7Tn))

X f(m) ... f(m,)dm, ... dr,

such that:

1) Vi, Va € [a, a], the function 7 — g;(m,
a) is nondecreasing on [7, 7].

2) Vi, V(my, ..., m,) €I, pi(7y, ... , m,) =
0; v(7TI’ wee g 71',,) € H9 2:’= 1 pi(7r19 LEEIE ] 7rn)
=1.

The regular case occurs when the function
™= (1 = F'(m))/f'(m) = (n — 1)g(m) is
increasing. The solution to program (19) re-
quires selling to i* = Argmax; w; provided
that m» — (1 — F'(m))/f'(mix) — (n —
1)g(m;+) = 0, and keeping the good otherwise.

Discussion and Comparison with the Com-
plete Information Case.—The main new phe-
nomenon in the incomplete information case
is the effect of the incentive constraints. Since
the externality imposed on others does not di-
rectly influence buyers’ willingness to pay, the
seller takes into account only the expected ex-
ternality caused by a given buyer, and not the
true one. The seller’s action directly depends
only on announced valuations. Moreover, the
relevant variables are the virtual valuations
m— (1 — F'(x))/f'(x), which are always
smaller than the true valuations. As a conse-
quence, the outcome is not anymore efficient.
Depending on the case, the seller may sell both
““too much’’ or “‘too little.”” Consider first Ap-
plication II: assume that the function 7 — (n —
1)g(m) is increasing, and let i * = Argmax; ;,
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where 7, ... , 7, are the reported valuations.
Efficiency requires a sale if 7, — (n —
1)g(m;») = 0 while a revenue-optimizing
seller sells only if 7;» — (n — 1)g(mi») =
(1 — F'(m;x))/f'(m;+). For all m;» #+ 7 the
term (1 — F'(m;.))/f " (7;+) is strictly posi-
tive, implying that the seller may not sell in
cases where efficiency requires a sale. Inter-
estingly, the opposite effect may also occur.
Consider a regular case in Application 1. As-
sume, for example, that a buyer announces
(7, @), and that 7 > (n — 1)E. The good is
then invariably sold, although if # < (n —
1)a, efficiency requires that no sale occurs.

Apart from efficiency, all our main insights
continue to hold. In particular, the threats in
case of nonparticipation play an important
role—they involve here expected externali-
ties. Moreover, the seller is able to extract
surplus also from nonacquirers. If the expected
imposed externality E is very large compared
to pure valuations, the seller is better-off by
not selling while extracting payoffs from all
buyers. We now compute a simple example to
illustrate these facts.

Example .—There are two potential buyers.
Buyer i’s valuation is uniformly drawn from
[0, 1], independently from the externality he
imposes, which is also uniformly drawn from
[0, 1] (we are in the case of Application I).
Let t; = (m;, «;). Using the results for Appli-
cation I, we now derive the optimal auction
form and the seller’s revenue. The expected
value of the imposed externality is given by E =
'/,. The expected utility of a nonparticipating
buyer is given by .4 = —'/,. The function = —
(1 = F'(m))/f'(w) = 27 — 1 is increasing,
and we are in a regular case. We know that an
optimizing seller sells to i* = Argmax; m; pro-
vided that 7, — (1 — F'(m2))/f'(mis) —
E = 2m;. — 3/, = 0, and keeps the good other-
wise. This implies

0, ifm=m,
(20) pi(t,t) =40,

1, if7T| > Ty and ™ > 3/4,

ifr,>m and 7, = %,

and analogously for p,(t,, t,). Using equa-
tion (7) and the expression for buyers’ ex-
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pected payments in Proposition 2.C, we ob-
tain

(21)  y:(t)

if7l',‘ = 74

%,
- {(m)Z/Z + /2 + %y, ifm > Y

By equation (13), the seller’s revenue is '%/y5 =
1.114. We note the following: 1) all types
(also those that have no chance of getting the
object) are required to pay at least */s. In par-
ticular, a buyer with valuation 7; < %, is in-
different between participation (in which case
he pays *, suffers an expected externality of
('/s) E = '/5, and his expected utility is —'4),
and nonparticipating (in which case his ex-
pected utility is <4 = —'4). 2) The seller’s
reserve price when the two buyers participate
(*/4) is higher than the optimal one in case there
were no externalities ('/,). By selling less of-
ten, the seller is able to raise the fee he obtains
from types that do not get the object.

V. Concluding Comments

We have studied optimal selling procedures
for situations in which the outcome of the sale
affects the future interaction between agents.
In these situations we have identified several
phenomena related to the fact that outside op-
tions are endogenous. We have shown that a
revenue-maximizing seller will be able to
extract revenue also from agents that do not
obtain the auctioned object. In particular, the
seller is better off by not selling at all (while
extracting payments from the buyers that fear
a sale) if the sum of externalities created by a
sale is larger than all valuations. In our opin-
ion, this last observation, coupled with the fact
that the maintenance of a functioning nuclear
arsenal imposes a huge financial burden, adds
an economic element to Ukraine’s strategy of
dismantling its nuclear weapons. Ukraine has
credibly committed to avoid much feared pro-
liferation, and, accordingly, it has been amply
rewarded by both Russia and the United States
(and, to a lesser extent, by other Western Eu-
ropean countries).

In a complete-information framework the
seller’s main considerations were driven by
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the participation decisions of potential buyers.
In an incomplete-information context the
seller must also take into account the incentive
effects connected to the revelation of privately
known information. We have shown that the
incentive constraints are very strong, and that
the outcome of the revenue-maximizing pro-
cedure is not always efficient. In particular, a
sale may occur even if efficiency requires that
the good stays with the seller. This phenome-
non contrasts with the standard result in the
case without externalities where the outcome
may be inefficient only because the seller re-
stricts supply.

Externalities are usually caused by actions
taken after the close of the sale. Throughout
the paper we have implicitly assumed that con-
tracting upon the magnitude of the external ef-
fects is not feasible. As in the main body of
work on optimal mechanism design, we have
assumed that the seller can commit to the an-
nounced procedure. In particular, the seller’s
action can be tailored to the exact group of
participating buyers, and there are commit-
ments not to sell at all in some situations, or
to sell to a very specific agent if some other
agents choose not to participate. In some sit-
uations commitments to future actions are pos-
sible (recall Ukraine’s destruction of nuclear
weapons). If commitment is not possible, the
analysis becomes more intricate. Agents that
anticipate renegotiation will alter their strategy
(in particular, revealing ‘‘too much’’ infor-
mation at a prior stage may have negative ef-
fects at later stages). The benefits to the seller
will depend upon how the renegotiation pro-
cess is specified.

The problems raised by renegotiation are
not unique to our model. Consider, for exam-
ple, a standard second-price auction for an in-
divisible good without externalities. After bids
have been revealed, the seller would prefer to
receive an amount equal to highest bid."* Yet,

' Similarly, a seller that announces a minimum price
under which she is not willing to sell would nevertheless
prefer to sell if the second-highest bid is less than the
minimum price, but higher than the seller’s true reserva-
tion value. Note that an optimizing seller announces a min-
imum price which is higher than the true reservation
value—this is the old story of a monopolist restricting

supply.

SEPTEMBER 1996

if the buyers knew that the seller would try
to renegotiate to obtain this value, they
would systematically underreport their true
valuations.

In general, if the seller cannot commit to
future actions (like not selling, and so on), we
expect that the outcome of the constrained
revenue-maximizing procedure will be even
farther away from the social optimum. Even
in the complete-information case efficiency
will not always be attained since the seller’s
ability to extract surplus crucially depends on
threats that may not be optimal ex post.

APPENDIX

PROOF OF PROPOSITION 1:

A) Consider buyer i, and assume that the buy-
ers in B\ {i} play a pure strategy profile
such that the set of participating buyers is
an arbitrary set B’ < B\ {i}. There are
three possible cases:

1) B’ = B\ {i}.If i does not participate
her payoff is —a‘ (see case 3 in the
definition of mechanism I'). If i par-
ticipates then her payoff is —a’ + €
(see case 4 in the definition of I'), and
participation is optimal.

2) B' = B\ {i, m}. If i does not partic-
ipate then her payoff is —a;;, where
the j is the smallest element in B’ (see
case 2 in the definition of I'). If i par-
ticipates, the good is allocated to v(m)
(see case 3 in the definition of I'). If
i= v(m), i is required to pay m; —
a;; — & and her payoff is —a;; + &. If
i #= v(m), then i is required to pay
a;; — Gymy — & and her payoff is
again —a;; + &. Participation is there-
fore optimal for i.

3) B’ has cardinality strictly less than
n — 2. If i does not participate the good
is allocated to j where j is the smallest
element in B’, and i’s payoff is —a;;.
If i participates, the good is allocated
to k, where k is the smallest element
in B' U {i}.Ifi = k, i is required to
pay m; — a; — &, and her payoff is
—a;; + . If i # k, i is required to pay
a;; — ay — &, and her payoff is again
—aj; + £. Participation is again opti-
mal for i.



VOL. 86 NO. 4

We have shown that for all possible
pure strategy profiles of buyers in B\ {i},
buyer i is strictly better-off by participat-
ing. Thus, participation is a best response
for player i against any strategy profile
(mixed or otherwise) of the opponents.
The formula for R is obvious by the defi-
nition of I".

B) Assume that o is a pure strategy profile.
Let B* denote the set of buyers that par-
ticipate when o is played in mechanism G.
Assume first that the seller keeps the ob-
ject (with probability 1) when o is played.
If buyer i participates then it must be the
case that his payment to the seller is at
most a’. This follows by the assumption
that o is an equilibrium and by the fact that
by not participating i can secure at least
—a‘.Hence R =3, cp«a’ = R + ne. As-
sume now that the seller sells to buyer i
(with probability 1) when o is played.
(This implies, by the no-dumping assump-
tion, that i participates.) As above, we ob-
tain that 1) buyer i will not pay more than
7; + a'. 2) Any other buyer j that accepted
to participate will not pay more than (a’ —
a;). In this case ] ’s payoff is given by
—(a’ — a;) — a; = —a’. Hence, for the
seller, we obtaln

R=m+a'+ Y (al—a)=m

J € B*\ {i}

+a'+ Y (a’ — a;) =R + ne.

Jj*i

The second inequality holds because, for
each buyer k, we have (a* — a;) = 0.
The last inequality follows by the defi-
nition of R in the statement of the Prop-
osition. In cases where the equilibrium
o uses mixed strategies, or where the
mechanism uses randomized allocations,
the proof easily follows from the discus-
sion above.

PROOF OF PROPOSITION 2:

By a standard argument in the theory of
multidimensional mechanism design with
linear utility functions (see Jean-Charles
Rochet, 1985; or McAfee and McMillan,
1988), a revelation mechanism is incentive
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compatible if and only if Vi, the equilib-
rium interim utility of the agents, S;(t;) =
max,er, Ui(s;, t;) = U;(t;, t;), is a convex
potential and the transfer y; (t;) is the convex
conjugate of S; (t;). Details can be found in
Jehiel et al. (1995). Note that

(A Si(t) =q'(t)tl = % J.T.’”(‘“ t)
X tj2¢_,'(t_,') dt_,' - y,'(t,').

Note also that convexity implies differentia-
bility almost everywhere, and that convexity
of S, (t;) is equivalent to monotonicity of gra-
dient VS;(t;). Moreover, by the Envelope
Theorem we have

(A2) dt‘ (t)_ 1(tnt)
= dt i s .-=t.~=qi(ti);
(A3) ’d‘g(ti)_dtz (t, t)
- )| =

These equations, together with the fact that
S; (t;) is a potential function, imply

(A4) Si(t) =Si(7m;:, a;)

1 tam.01ar,
(mi2:)

where the integral can be taken on any contin-
uous curve from (7;, a;) to t;. The mono-
tonicity of g;(t;) with respect to the first
coordinate, t!, directly follows from the
monotonicity of V§;(t;).
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We next show that g;(t;) is constant with
respect to the second coordinate, ¢7 . Integrat-
ing in (A4) on the curve formed by the line
segments [(m;, &), (m;, t7)] and [(m,, 1}),
(t!, 7)1, yields

(A5) Si(t:) =S8i(m, a;)

t
+ fn qi(vv tlz) dv'

Integrating in (A4) on the curve formed by the
line segments [(m;, @), (¢/, a;))] and [(¢],
@), (i, 11)], yields

(A6) Si(t) =Si(m;, a;)

* f,, q: (v, a;) dv.

Subtracting (A6) from (A5), we obtain

(A7) J'i [g:i(v,27) — q;(v, @;)] dv = 0.

Since g; is monotonic in the first coordinate
(and hence continuous almost everywhere),
and since equation (A7) holds for all t} € [,
7] and for all ¢} € [a, @], we can conclude
that the function t? = ¢, (¢}, t?) is constant on
[a, a].

The formula for the transfer y;(t;) imme-
diately follows from (A1) and (A5).
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